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On Mathoverflow

Is each Parovichenko compact space homeomorphic to the remainder of a soft [
compactification of N?

Definition 1. A compactification el of the discrete space N is called soft if for any disjoint sets asked 4 months ago
A,B C Nwith AN B # 0 there exists a nomeomorphism h : N — cNsucnthath(z) =z tor oo
6 alze N\ Nandthe set {x € A: h(z) € B} is infinite. o
acive  2monthsago
Definition 2. A compact Hausdorff space X is called Parovichenko (resp. soft Parovichenko) it X is
homeomorphic to the remainder N \ N of some (soft) compactification ¢[¥ of N7

Remark 1. By a classical Parovichenko Theorem, each compact Hausdorff space of weight < Ny is ee
Parovichenko. Hence, under CH a compact Hausdorff space is Parovichenko if and only if it has weight @ @ Do Sy O
< ¢. By a fesult of Przymusinski, each perfectly nomal compact space is Parovichenko. On the other e
hand, Bell constructed an consistent example of a first-countable compact Hausdorff space, which is
not Parovichenko. More information and references on Parovichenko spaces can be found in this survey
of Hart and van Mil (see §3.10), Linked
DAL e pact space soft Bl s cocn compaciitcation of N soft?
Remark 2. The Stone-Cech compactification AN of Nis soft, but there are simple examples of Related

compactifications which are not soft. A compactification cIN of N is soft if for any disjoint sets
A,B C Nwith AN B £ 0 there are sequences {ay bncy C A and {bn}nc, C B that converge Chevacterization of Stone.Cech
tothe same point £ € A N B. This implies that a compactification ¢ is soft if the space ¢l is compactfieations

Frechet-Urysohn or has sequential square. This also implies that each first-countable Parovichenko 1 Typel subspaces of the Stone Cech
space is soft space X is soft i each point compactification of
T € X has aneighborhood base ofcan:nnam <

yen [ Prrrr———

compactification of ciscrete spaces.

Problem 2. Is each (Frechet-Urysohn) sequential space soft

What s the smallest density of a metrizable

o
The following concrete version of Problem 1 describes an example of a Parovichenko space for which space vithout courtable separation:

we do not know If it s soft Parovichenko. Il 0oss every compact countabie space
contain a nan-rivial convergent sequence?
Problem 3. Let X be accmpac( ‘space that can be written as the union X = A U B where A is 2 Twoquestions about subsequential spaces
homeomorphic to AN\ N, B is homeomorphic to the Cantor cube {0, 1}* and AN B # 0. Is the with countable k-network

space X soft Parovichenko?
3 What e the componerts o the Stone.Cech

Remainder?
setineory

Bl s coon compactitcation of N soft?
share cite improve this question edted Nov 12 1821 826 asked Sep 118t 4:40 B 5 2 unigue compactificationvith the

Taras Banakh smallest possible permutation group?
164k 1 +33 0 92

3 Embeadabilty into B and
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In larger print

A compactification yN is soft if

whenever A and B are disjoint subsets of N with cl ANclB # ()
there is an autohomeomorphism h of YN

that is the identity on YN\ N

and such that h[A] N B is infinite.
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Examples

The Cech-Stone compactification AN is soft ... vacuously
there are no disjoint subsets of N with disjoint closures ...

The one-point compactification aN = w + 1 is soft:
take a permutation h of w with h[A] = B
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Examples

If YN is a metric compactification then it is soft.

If x € cl AN cl B then there are sequences (a, : n € w) and

(bp : n€w)in A and B respectively that converge to x.

Define h on N by h(a,) = bs, h(bs,) = an, and h(n) = n otherwise.
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The question

If X is compact Hausdorff and there is a compactification YN of N
such that X = yN \ N is there then a soft compactification 6N
of N such that X = 6N\ N?
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An answer
The Continuum Hypothesis implies “Yes".

Theorem

The Continuum Hypothesis implies that every compact Hausdorff
space of weight at most ¢ is the remainder in some soft
compactification of N.

Parovichenko's theorem says: the Continuum Hypothesis implies
that X is the remainder in some compactification of N if and only
if X is compact Hausdorff and of weight at most c.
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About the proof

Parovicenko's proof goes in two steps.

Every compact Hausdorff space of weight at most Nj is a
remainder in some compactification of N.

Every remainder has weight at most c.

The Continuum Hypothesis says ¢ = Ny.
(that is not a third step, in my opinion anyway)
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About the proof

This will not work in this case, as we shall see anon.

We assume CH and build, given a candidate space X, a soft
compactification of N with X as its remainder.
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About the proof
Embed X in the Tychonoff cube [0, 1]%1.

Recursively find f, : N — [0, 1] such that, with f the diagonal map,
cl f[N] = fI[NJU X is a compactification of X.

Along the way construct an almost disjoint family S on N such
that for every S € S the image f[S] converges to a point, xs, of X.

No need of CH vyet.
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About the proof

We need CH for: if cl f[A] and f[B] intersect then there are S
and T in S such that SN A and T N B are infinite and xs = x7.

Then interchanging S and T will give an autohomeomorphism as
required.
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wy + 1

Here is an easy space, the ordinal space w; + 1.

Using a tower (T, : @ € wy) it is easy to construct a
compactification of N with w; + 1 as its remainder.

And conversely, if we have such a compactification choose disjoint
open L, and U,, with [0,a] C L, and [a + 1,w;] C U,.

Then setting T, = NN L, gives us a tower.
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wy + 1

“Every compactification of N with wj 4+ 1 as its remainder is soft”
is equivalent to t > Ny

If t = N; take a tower with sup, To, = N (mod finite) and make
the corresponding compactification 7N.

Exercise: show that 7N is soft. (Hint: clANcl B # {wi1}.)

Take the one-point compactification aN and in the sum 7N & aN
identify w; and oo to one point.

Exercise: show that this compactification (of the union of the two
copies of N) is not soft.
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wy + 1

“Every compactification of N with wj + 1 as its remainder is soft
is equivalent to t > Ny

If t > N; and we take any compactification 7N from a tower then
clAncl B = {w1} is possible but now, because t > N, A and B
contain sequences that converge to ws.
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wp + 1+ wj

Take two copies of wi 4+ 1 and identify the two copies of the
point wi.

Alan Dow: it is consistent that there is no soft compactification

of N with this space as its remainder.

Very roughly: every compactification with w; + 1 + w7 as its
remainder looks like the sum of two compactifications from
maximal wi-towers identified at the end points.

This is why Parovichenko's two-step proof does not work here:
it is consistently impossible to perform the first step.
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Light reading
Website: fa.its.tudelft.nl/“hart

[§ Taras Banakh,
Is each Parovichenko compact space homeomorphic to the
remainder of a soft compactification of N?,
https://mathoverflow.net/q/309583,

[§ Klaas Pieter Hart,
All Parovichenko spaces are soft-Parovichenko,
https://arxiv.org/abs/1811.03912.
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