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In larger print

A compactification γN is soft if
whenever A and B are disjoint subsets of N with clA ∩ clB 6= ∅
there is an autohomeomorphism h of γN
that is the identity on γN \ N
and such that h[A] ∩ B is infinite.
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Examples

The Čech-Stone compactification βN is soft . . . vacuously
there are no disjoint subsets of N with disjoint closures . . .

The one-point compactification αN = ω + 1 is soft:
take a permutation h of ω with h[A] = B
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Examples

If γN is a metric compactification then it is soft.
If x ∈ clA ∩ clB then there are sequences 〈an : n ∈ ω〉 and
〈bn : n ∈ ω〉 in A and B respectively that converge to x .
Define h on N by h(an) = bn, h(bn) = an, and h(n) = n otherwise.
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The question

If X is compact Hausdorff and there is a compactification γN of N
such that X = γN \ N is there then a soft compactification δN
of N such that X = δN \ N?

7 / 19



An answer

The Continuum Hypothesis implies “Yes”.

Theorem
The Continuum Hypothesis implies that every compact Hausdorff
space of weight at most c is the remainder in some soft
compactification of N.

Parovichenko’s theorem says: the Continuum Hypothesis implies
that X is the remainder in some compactification of N if and only
if X is compact Hausdorff and of weight at most c.
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About the proof

Parovicenko’s proof goes in two steps.

Every compact Hausdorff space of weight at most ℵ1 is a
remainder in some compactification of N.

Every remainder has weight at most c.

The Continuum Hypothesis says c = ℵ1.
(that is not a third step, in my opinion anyway)
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About the proof

This will not work in this case, as we shall see anon.

We assume CH and build, given a candidate space X , a soft
compactification of N with X as its remainder.
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About the proof

Embed X in the Tychonoff cube [0, 1]ℵ1 .

Recursively find fα : N→ [0, 1] such that, with f the diagonal map,
cl f [N] = f [N] ∪ X is a compactification of X .

Along the way construct an almost disjoint family S on N such
that for every S ∈ S the image f [S ] converges to a point, xS , of X .

No need of CH yet.
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About the proof

We need CH for: if cl f [A] and f [B] intersect then there are S
and T in S such that S ∩ A and T ∩ B are infinite and xS = xT .

Then interchanging S and T will give an autohomeomorphism as
required.
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ω1 + 1

Here is an easy space, the ordinal space ω1 + 1.

Using a tower 〈Tα : α ∈ ω1〉 it is easy to construct a
compactification of N with ω1 + 1 as its remainder.

And conversely, if we have such a compactification choose disjoint
open Lα and Uα, with [0, α] ⊆ Lα and [α + 1, ω1] ⊆ Uα.
Then setting Tα = N ∩ Lα gives us a tower.
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ω1 + 1

“Every compactification of N with ω1 + 1 as its remainder is soft”
is equivalent to t > ℵ1

If t = ℵ1 take a tower with supα Tα = N (mod finite) and make
the corresponding compactification τN.

Exercise: show that τN is soft. (Hint: clA ∩ clB 6= {ω1}.)

Take the one-point compactification αN and in the sum τN⊕ αN
identify ω1 and ∞ to one point.

Exercise: show that this compactification (of the union of the two
copies of N) is not soft.
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ω1 + 1

“Every compactification of N with ω1 + 1 as its remainder is soft”
is equivalent to t > ℵ1

If t > ℵ1 and we take any compactification τN from a tower then
clA ∩ clB = {ω1} is possible but now, because t > ℵ1, A and B
contain sequences that converge to ω1.
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ω1 + 1 + ω?1
Take two copies of ω1 + 1 and identify the two copies of the
point ω1.

Alan Dow: it is consistent that there is no soft compactification
of N with this space as its remainder.

Very roughly: every compactification with ω1 + 1 + ω?1 as its
remainder looks like the sum of two compactifications from
maximal ω1-towers identified at the end points.

This is why Parovichenko’s two-step proof does not work here:
it is consistently impossible to perform the first step.
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Light reading

Website: fa.its.tudelft.nl/~hart

Taras Banakh,
Is each Parovichenko compact space homeomorphic to the
remainder of a soft compactification of N?,
https://mathoverflow.net/q/309583,

Klaas Pieter Hart,
All Parovichenko spaces are soft-Parovichenko,
https://arxiv.org/abs/1811.03912.
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