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Abstract

Adapting an earlier example by J. van Mill, we prove that there exists a zero-dimensional co
space of countableπ -weight and uncountable character that is homogeneous underMA + ¬CH, but
not underCH.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction

In [4] van Mill constructed a compact Hausdorff space of countableπ -weight and char-
acterℵ1 with the curious property thatMA + ¬CH implies it is homogeneous where
CH implies that it isnot.

The space was obtained as a resolution of the Cantor set, where every point was r
by the uncountable torusT ω1. Close inspection of the proof of homogeneity fromMA +
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¬CH reveals that one needs any possible replacement,Y , of T ω1 to have the following
properties:

(1) Y is compact Hausdorff and homogeneous;
(2) the weight and character ofY areℵ1;
(3) there are an autohomeomorphismη of Y and a pointd such that the positive orb

{ηn(d): n ∈ ω} is dense; and
(4) Y is a retract ofγ N, wheneverγ N is a compactification ofN with Y as its remainder

In Section 2 of this note we shall show that these four properties do indeed suffi
a proof of homogeneity fromMA + ¬CH and in Section 3 we exhibit a zero-dimension
space with these properties. This then will establish that there is a zero-dimensiona
pact Hausdorff space of countableπ -weight and characterℵ1 with the curious property
that MA + ¬CH implies it is homogeneous whereasCH implies that it isnot. Indeed, the
power 2ω1×Z with the mappingη, defined byη(x)(α,n) = x(α,n + 1), is as required.

2. The construction

To keep our presentation self-contained we give an alternative description of van
construction. We fix a compact spaceY as in the introduction, along with the mapη and
the pointd ; for eachn ∈ ω we writedn = ηn(d).

The underlying set ofX is the productC × Y , whereC is the Cantor set 2ω. Before we
define the topology onX we fix some notation.

Givens ∈ 2<ω, sos is a finite sequence of zeros and ones, we put

[s] = {x ∈ C: s ⊆ x}.
The family{[s]: s ∈ 2<ω} is the canonical base for the topology ofC. If s ∈ 2<ω andx ∈ C
thens ∗ x denotes the concatenation ofs andx.

Givenx ∈ C andn ∈ ω we putUx,n = [x � n], thenth basic neighbourhood ofx, and
Cx,n = Ux,n \Ux,n+1. Note thatCx,n is of the formUy,n+1 for some suitably choseny ∈ C.

Let 〈x, y〉 be a point ofX. The basic neighbourhoods of〈x, y〉 will be those of the form

Ux,n ⊗ W = ({x} × W
) ∪

⋃
{Cx,m × Y : m � n, dm ∈ W },

with n ∈ ω and whereW runs through the neighbourhoods ofy in Y .
We will use this description ofX but we invite the interested reader to verify thatX is

indeed a resolution ofC, where eachx is resolved intoY via the mapfx : C \ {x} → Y

defined byfx(y) = dn iff y ∈ Cx,n, see [2,5] for details on resolutions.
The following lemmas are easily verified and left to the reader.

Lemma 2.1. If Ux,n andW are clopen then so isUx,n ⊗ W , henceX is zero-dimensiona
if Y is.

Lemma 2.2. The character of〈x, y〉 in X is the same as the character ofy in Y , hence
χ(X) = ℵ1.
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Lemma 2.3. The family{[s] × Y : s ∈ 2<ω} is aπ -base forX, henceπ(X) = ℵ0.

The next lemma should be compared with [5, Theorem 3.1.33].

Lemma 2.4. The spaceX is compact Hausdorff.

Proof. Let U be a basic open cover ofX. Much like in a standard proof that the produ
of two compact spaces is compact one proves that around every vertical line one c
an open strip that is covered by finitely many elements ofU . Let z ∈ C. In the case tha
there is a setUx,n ⊗ W ∈ U such thatz ∈ Cx,m for somem we are done. In the other ca
for everyy ∈ Y there areWy andny such thaty ∈ Wy andUz,ny ⊗ Wy ∈ U ; finitely many
of these, indexed by the finite setF say, will cover{z} × Y . Let n = max{ny : y ∈ F }, then
these sets cover the stripUz,n × Y as well. �

At this point we know thatCH implies thatX is not homogeneous, because underCH
we haveχ(X) = 2π(X). Corollary 1.2 in [4] forbids this for homogeneous compacta.

We now begin to work toward a proof thatX is homogeneous ifMA +¬CH is assumed
As a first step we show that points with the same second coordinate are similar.

Lemma 2.5. For eacha ∈ C the mapTa defined byTa(x, y) = 〈x + a, y〉 is an autohome
omorphism ofX.

Proof. One easily verifies thatTa[Ux,n ⊗ W ] = Ux+a,n ⊗ W , and this suffices. �
The hard work will be in establishing that points with the same first coordinate

similar. We begin by showing that the special clopen sets[s] × Y are all homeomorphic
and we give canonical homeomorphisms between them.

Lemma 2.6. Let s, t ∈ 2<ω, putk = |t | − |s| and defineξs,t : [s] × Y → [t] × Y by ξs,t (s ∗
x, y) = 〈t ∗ x,ηk(y)〉. Thenξs,t is a homeomorphism.

Proof. It is not hard to show thatξs,t [Us∗x,n ⊗ W ] = Ut∗x,n+k ⊗ ηk[W ], which suf-
fices. �

In this lemmak may be positive or negative and we need both possibilities, see th
three lines of this section.

For ease of notation we lete be the point ofC with all coordinates zero and we a
breviateUe,n andCe,n by Un andCn respectively. We shall prove, assumingMA + ¬CH,
that for every homeomorphismf :Y → Y there is a homeomorphism̄f :X → X such that
f̄ (e, y) = 〈e, f (y)〉 for all y ∈ Y . This will complete the proof thatX is homogeneou
under this assumption because it shows that all points of the form〈e, y〉 are similar.

Forn ∈ ω let xn ∈ C be the point inCn with all coordinates zero except for thenth. Let
E = {〈xn, dn〉: n ∈ ω}; note thatE is discrete. The proof of the following lemma is th
of [4, Lemma 5.1].
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Lemma 2.7. E = E ∪ ({e} × Y).

Thus,E is a compactification ofN, whose remainder isY .
Let f be an autohomeomorphism ofY , considered to be acting on{e}×Y . Theorem 4.2

from [4], an extension of a result due to Matveev [3], now implies that there is an
homeomorphismF of E that extendsf . This requires assumptions (1) and (4) onY . It
suffices to know that the weight ofY is less than the cardinalp; the inequalityℵ1 < p

follows from MA + ¬CH.
Note that the action ofF onE is given by a permutationτ of ω.
We useτ to define our extension̄f : use the mapsξs,t from Lemma 2.6 to mapCn × Y

ontoCτ(n) × Y for all n. The verification thatf̄ is a homeomorphism is as in [4].

3. The input

We now show that the spaceY = 2ω1×Z provides suitable input for the construction
the previous section.

It is clear thatY is zero-dimensional, compact and Hausdorff and that its weight
character areℵ1. SinceY is a product of second countable compacta, condition (4) is
satisfied, by [4, Corollary 4.5].

We need to find an autohomeomorphismη and a pointd such that{ηn(d): n ∈ ω} is
dense inY . The mapη :Y → Y is defined co-ordinatewise as follows (withα ∈ ω1 and
i ∈ Z),

η(y)(α, i) = y(α, i + 1).

We may think of points ofY as ω1 by Z matrices. The action ofη on such a matrix
consists of shifting every row one step downwards. Forn < ω, [−n,n] is the set{−n,−n+
1, . . . , n − 1, n}.

To make the pointd we take a countable dense subsetQ of 2ω1×Z (cf. [1, Theo-
rem 2.3.15]) and we enumerateQ × ω as {〈qk, nk〉: k < ω}. We define the pointd by
concatenating the restrictionsqk � ω1 × [−nk,nk]. First writeNk = ∑

j<k(2 · nj + 1) for
all k and then define, for eachα and eachn

d(α,n) =
{

0 n < 0,

qk(α,n − Nk − nk) Nk � n < Nk+1.

Next we verify that the pointd has a dense positive orbit underη. Observe that it follows
by construction that for allk < ω we have

ηNk+nk (d) �
(
ω1 × [−nk,nk]

) = qk �
(
ω1 × [−nk,nk]

)
.

Now let an arbitrary basic open subsetU of 2ω1×Z be given by a functions :F → 2,
whereF ⊆ ω1 × Z is finite. ThusU is given by

U = {
y ∈ 2ω1×Z: s ⊆ y

}
.

SinceF is finite, we may findn such thatF ⊆ ω1 × [−n,n]. The setQ was chosen dens
in 2ω1×Z, so there is ak < ω with qk ∈ U andnk = n. It follows that

qk �
(
ω1 × [−nk,nk]

) ⊇ s
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from which it follows that

ηNk+nk (d) �
(
ω1 × [−nk,nk]

) ⊇ s.

This implies thatηNk+nk (d) ∈ U .
We find that the set{ηn(d): n < ω} is dense in 2ω1×Z, which means that we are done

Remark 3.1. This argument shows that also 2c×Z has a point with a dense orbit under t
shift, that is, not only is the Cantor cube 2c separable, it even has an autohomeomorphisη

and a pointd whose positive orbit is dense.
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