Contractive semigroups with nonlocal conditions
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A problem of existence of contractive positive semigroups generated by elliptic operators
with nonlocal conditions arises in the theory of diffusion processes (see [1]). This problem
was studied in the case of differential operators of the second order in [2].

Consider an unbounded integro-differential operator of the form

Au(z) = Au(z) + /[u(:E + 2) —u(x) — Vu(z) - zlm(dz) (x € Q),
Qx

where  C IR” is a bounded domain, 0Q € C*, Q, = {z € R" : 2 + z € Q}, and m(-) is
a nonnegative Borel measure on (), such that

ZPm(dz) — 0 (r— 0), / zm(dz) < 00 (r > 0).
Qmm{‘Z‘ST} Qmm{‘z‘>7"}

Consider a nonlocal boundary condition of the form

Bu(z) = A(z)u(x) + / u(z) — u(y)p(e,dy) =0 (z € 0Q),
Q

where v(z) > 0, u(z,-) is a nonnegative Borel measure on Q.
Denote Cp(Q) = {u € C(Q) : Bu = 0}. Define an operator Ag : Cp(Q) — Cp(Q) by the
formula Agpu = Au  (u € D(Ag)), D(Ap) = {uec C*(Q)NCx(Q): Au € Cr(Q)}.

If the measure u(x,-) satisfies certain geometrical conditions formulated in [2], then
the following result is valid.

Theorem. The operator Ap : Cp(Q) — Cp(Q) is the infinitesimal generator of a con-
tractive positive semigroup on Cp(Q).
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